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Summary

Using the Statistical Moments Theory, a system of equations has been
developed which provides a new approach to understanding dynamic
gas adsorption. These equations deseribe adsorption breakthrough curves
in a simple form which exhibits a close correlation between thecory and
published experiments. Because these equations are readily understood
from a physical viewpoint, it is believed that they will not only help
to clarify our concepts of dynamic adsorption, but will also improve our
understanding of the physical meaning of what takes place in an ad-
sorption bed.

1. BASIC CONCEPTS

The efficiency of mass transfer plays an important role in adsorption
from moving gas streams. As a general rule, the amount of adsorbate
retained by dynamic adsorption from a flowing gas stream is smaller
than the amount corresponding to equilibrium conditions. To illustrate
this effect, let us suppose that it is required to remove 90% of an un-
desired product from a gas stream. This permits an adsorption bed
to be used until there is a breakthrough of 10% of the input concen-
tration of the gas being removed. Figure 1 shows a distribution of the
adsorbate across an adsorption bed. The over-all adsorption efficiency,
calculated from the ratio of the amount of adsorbate actually retained
on the bed to the amount of adsorbate required to fully saturate the
bed, depends on the distribution of adsorbate across the bed at the
time of breakthrough. As shown in this paper, the effects of this
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FIG. 1. The effect of imperfect mass transfer on adsorption bed efficiency.
Figures a—-c¢ illustrate adsorption under conditions of ideal muss transfer,
The front of adsorbate in the bed remains sharp and feed can be passed
into the adsorption bed until it is fully saturated. Figures d-f illustrate
adsorption with nonideal mass transfer. In these figures the area of
partial saturation represents adsorption bed volume which is effec-
tively lost due to nonideal mass transfer; breakthrough occurs before

the bed is fully saturated.



14:36 25 January 2011

Downl oaded At:

CALCULATION OF ADSORPTION BED CAPACITY 557

distribution ecan be calculated by the method of statistical moments
(7). This new knowledge should lead to improvements in the design
of adsorption processes for solvent recovery, air pollution abatement,
removal of fission products, ete.

This paper will consider only the dynamic adsorption of gases on
porous adsorbents. However, the theory is quite general and may
apply as well to other separation processes, such as thin-layer chro-
matography and gas-liquid chromatography.

1.1. Some Basic Assumptions

Certain basic assumptions have been made:

1.1.1. The adsorption bed is eylindrical, with a length, L, and a
cross-sectional area, @J.

1.1.2. The bed is evenly filled with spherical adsorbant particles
having a diameter, 2R. It is not necessary that the particles be
spherical; caleulations can be based on other absorbent particle shapes
(2, 3).

1.1.3. Wall effects are negligible. This requires that the bed
diameter be at least 12 times greater than the particle diameter.

1.1.4. The fluid phase streams between the particles in a free
volume defined as the interparticle void volume.

1.2. Definitions of Porosity

Precise definitions of porosity are vital to the concepts being dis-
cussed here. The interparticle void volume per unit volume of the
adsorption bed is called the external porosity, . The external porosity
is assumed to have the same value throughout the bed. The absorbent
particles are also porous; in fact, each adsorbent particle can be
conceived of as a conglomerate of many smaller particles. The fraction
of void volume in each particle is also assumed to be a constant, de-
noted as 8. In a unit volume of the adsorption bed, there are (1 —e.)
units of volume occupied by the adsorbent particles and therefore
B(1 —¢) = ¢ units of intraparticle void volume per unit volume of
adsorption bed. The over-all porosity, e, is the sum of the internal
and external porosities, i.e., ¢ = ¢; + e.. The over-all porosity gives
the fractional volume of the adsorption bed accessible to molecules
in the gaseous phase. Later in this paper the ratio of internal porosity
to the over-all porosity, ¢ = ¢;/¢, will be needed.
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1.3, Composition of Feed

The gaseous mixture fed to the adsorption bed is assumed here to
consist of carrier gases and adsorbates. This paper is restricted to a
binary mixture of gases consisting of a carrier gas with a single ad-
sorbate present at a much lower concentration.

1.4. Interparticle Flow Velocity

The carrier gas is assumed to flow in the interparticle spaces with
an average linear veloeity, u = w/Qe¢, where w represents the
volumetrie flow rate, and @ and e are defined above. It should be
noted that the average interparticle veloeity, u, will always be greater
than either the superficial velocity (the flow veloeity calceulated from
the ratio w/Q), or the average flow velocity based on the over-all
porosity (calculated from the ratio w/Qe). The interparticle flow
velocity is used as the basic flow parameter because it leads to simpler
equations.

1.5. Assumption of a Linear Isotherm

The adsorption process is limited to the region of a linear adsorption
isotherm; i.e., the amount adsorbed at cquilibrium is directly pro-
portional to the concentration of adsorbate. The more general procedure
of considering a nonlinear isotherm leads to severe mathematical
difficulties, although solutions are available for special cases {4-6). In
this paper we have ignored the problem of a nonlinear isotherm, and
we Justify this omission for two reasouns. First, these equations are
being developed for the design of systems to remove air contaminants.
For this purpose, equations are needed which apply to the removal of
diluted gases and vapors, and dilution generally removes any ap-
preciable nonlinearity from an adsorption isotherm. Sccond, by
developing a general solution for the linear case, we provide a basis of
comparison for nonlinear cases.

1.6. Adsorption Mechanisms

In general it 1s useful to consider two tvpes of adsorption; volumal
adsorption and surface adszorption.

1.6.1. Volumal Adsorption. The cquilibrium concentration of ad-
sorbate in the narrow intraparticle pores, ¢,, may be different from
the adsorbate concentration in the interparticle =paces, c.. Such an
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increase can be brought about by filling the pores with a compound
in which the adsorbate is highly soluble or by van der Waals’ forces
originating at the pore surface. At equilibrium, the volumal equilibrium
constant, K., may be defined as K. == ¢,/c.. This equilibrium constant
equals 1 if no volumal effects oceur.

1.6.2. Surface Adsorption. The surface adsorption equilibrium con-
stant is defined as

K,, = n/e,-c,,

where n represents the amount of adsorbate adsorbed on the surface
per unit volume of pore space. For most untreated adsorbents, surface
adsorption is more important than volumal adsorption.

1.7. The Rate of Mass Transfer

The over-all rate of mass transfer depends on the rates of several
phenomena, and of these, the following are considered here:

1.7.1. Mass Transfer across a Film Surrounding the Adsorbent Grains.
If mass transfer is controlled by a film surrounding the particles, then
the constant H. gives the rate of mass transfer per unit volume, per
unit concentration difference across this film.

1.7.2. Mass Transfer across a Film on the Pore Walls. This is a
mechanism analogous to the first mechanism described above, the
only difference being the location of the film. It is assumed to proceed
with a rate constant H,.

1.7.3. Pore Diffusion. The adsorbate moves through the intra-
particle pore structure by a process characterized by an effective dif-
fusion coefficient D;.

1.8. Interparticle Phenomena

Molecular diffusion of adsorbate in the interparticle spaces is
important at low carrier gas velocities. We assume that the contri-
bution of molecular diffusion to the movement of the gas along the
bed may be characterized by an effective diffusion constant D.

A second interparticle phenomenon, “eddy diffusion,” results from
velocity differences in the flow through the bed packing. The best
available description of this very complicated effect is found in
Giddings’ monograph (3). Here we assume that the over-all inter-
particle diffusion coefficient, I,, may be expressed by the relationship
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Dy = D 4 Au, where D is defined as above, 4 is the constant of eddy
diffusion, and w is the interparticle velocity of the gas.

2. MATHEMATICAL ANALYSIS

The basic problem in dynamic adsorption is to deseribe the change
of adsorbate concentration with time at a given point in the bed
(usually at the bed exit), taking into account the experimental con-
ditions and the known mechanisms of mass transfer. Previous mathe-
matical solutions (7-11) of this problem have not been universally
successful. Some appear oversimplified, and others are difficult to use
because they are expressed in terms of integrals requiring the use of
computers for their cvaluation. In some of these equations the
dimensionless groups are very complex and their physical meaning
is difficult to interpret. As Kovach (12) recently stated, there is a
real need for an improved method of analysis of adsorption beds.

Reeently a new theory (1, 2, 13) of gas-—solid chromatography was
developed using the statistical moments of the breakthrough curve.
This theory takes into account all mass transfer phenomena known
to be important in dynamic adsorption and includes as special cases
all previous solutions known to us. The aim of this paper is to show
that this theory can be modified to derive simple expressions describ-
ing the adsorption capacity of a bed.

2.1. Definitions of the Statistical Moments

The breakthrough curves obtained following an injection of a very
short pulse of adsorbate can be considered a type of probability
distribution in concentration-time coordinates. The ordinary statistical
moments are defined as

_ /(;m C(T)Tk dr
L7 et dr

where my, is the kth ordinary statistical moment, ¢(7) is the rate of
breakthrough of adsorbate at time =, 7 is the time following the pulse
input of adsorbate, and the central moments (about the mean) are
defined as

(1)

T @)@ - mhEdr

[" e(r) dr

@)

my =
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where my, 1s the kth central moment. Because the first central statistical
moment is equal to zero, we will drop the prime from m] and denote
the first ordinary moment by m,.

2.2. Gram-Charlier Series

The Gram-Charlier Sertes gives a general method for reconstruct-
ing a curve from its statistical moments. The general equation for
these series is

s

ct) = cre~ P12 H(E) (3)

k=0

i

where H;(t) = a Hermite polynomial; ¢; = the frequency factor. a
function of the statistical moments; ¢(¢) = the rate of breakthrough
of adsorbate at the reduced central time, £; ¢ = reduced central time,
defined as (r — m,) /o; and ¢ = V1.

The elution curve following a pulse (delta function) input is de-
seribed by the first three terms of a Gram-Charlier series as

e(t) = (\/12_7r e“’/2> [1 + é”;: {8 — 3t)

+§11{m4-3} {t4—6t2+3}] )

0.4

2.3. The Meaning of the Statistical Moments

The first statistical moment gives the arithmetic mean holdup time
for a pulse introduced at time = = 0. The second statistical moment,
m,, is called the variance and gives the sum of the squares of the
deviations from the mean. The square root of m, is the standard
deviation .

The third moment, ms, furnishes information concerning the sym-
metry of the distribution curve. A positive value of the skewness
coefficient, S = ms/0®, indicates tailing of the distribution curve
towards positive values of ¢.

The fourth statistical moment is a characteristic of the flattening
of the distribution curve in comparison to the normal (Gaussian)
distribution. The factor E = (m,/o* — 3}, usually called the coefficient
of excess, can be positive, negative, or zero, with a positive value
indicating that the distribution is flatter than the normal distribution,
and a negative value indicating that the reverse is true.

The higher moments are less important because of the difficulty of
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determining their wvalues experimentally. Generally it can be said
that the higher even moments furnish more information about eurve
broadening and the higher odd moments further characterize the
skewness,

2.4. Equations for the Statistical Moments

For the first moment, which defines the mean holdup time, the foi-
lowing equation is valid:

m = <£+724 + if) (1 + K1 + K.]) (5)
where L is the length of the bed, and ¢ is the ratio ¢ /e..

In the design of industrial adsorption beds, the terms 24/u and
2D/u* of Eq. (5) can be neglected because the factor L/u will be
muech greater than either 24/u or 2D/u°. When the L/u {factor
dominates, the mean retention time ix unaffected by the mechanisms
influencing the rate with which adsorption equilibrium is established
and the resulting equation for the first moment is

my = % (14 K.[1 + K,]) (6)

Further, if there is no volumal adsorption, K, = 1 and Eq. (6)
reduces to

my = to(1 4+ eK’) (")

where K’ is the partition coefficient. This last expression is analogous
to the equation commonly used in gas chromatography to describe
the breakthrough time for the peak of the elution curve.

The expression for the second statistical moment, m., depends on
the mechanism controlling mass transfer. Useful equations may be
obtained by neglecting the higher powers of the term D /u, and assum-
ing that only one mechanism of adsorption ocecurs, i.e., either volumal
adsorption, where K. > 1 and K, = 0, or surface adsorption, where
K, >1 and K, = 1. This procedure can be casily adopted to the
important cases of internal (pore) diffusion controlled mass transfer,
where H. = o, H, = o0, and D; < «, and film controlled mass
transfer, where either H. and/or H, < o and D; = .

From derivations given ecarlicr (I, 2), we have for mass transfer
characterized by the combined meelranisms of interparticle molecular
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and eddy diffusion, plus internal (pore) diffusion followed by surface
adsorption:

my _ 1[2D 21 + K.)2Rx ]

m T I [ w T BT + KD ®)
For interparticle molecular and eddy diffusion, plus internal (pore)
diffusion followed by volumal adsorption:

me _ 1[2D 2¢K R
m: L [ w T4 15(1 + eKC)ZD,-] ©)

For interparticle molecular and eddy diffusion, plus external film
mass transfer resistance followed by volumal adsorption:

mp 1 2D 2¢K u

m "L [7 2t g Ky ew] (10
Usually either K, >> 1 or K. >>1, so that the third term in the bracket
on the right-hand side of Eqs. (8), (9), and (10) can be further

simplified to give

2Ry 2R*u or 2u (11)
15eD;  15eK.D. H.K,

for Eqs. (8), (9), and 10), respectively.

Using these same procedures, simple expressions can be obtained for
the skewness coefficient, s = m,/m?. Thus, for interparticle molecular
and eddy diffusion, plus internal (pore) diffusion followed by surface
adsorption, in the limiting case, K, = 1, K,,>> 1:

mg 1 [12D*  24AD 4DR*  4AR% 4 R4?

m 17[ w T TR S TR, T 105&1)3} (12)
Similar expressions including volumal adsorption and/or film mass
transfer resistance can be obtained.

We omit giving a general term for the fourth and higher statistical
moments. The paper of Grubner (1) should be referred to for further
expressions of this type.

2.5. Description of the Dynamic Adsorption Curve

It can be shown from the literature that the most important problem
in dynamic adsorption concerns mass transfer controlled by intra-
particle diffusion, and in this paper only this case is considered in
detail.
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First we seek an equation to describe the breakthrough curve fol-
lowing an unit step function input. Assuming a linear adsorption iso-
therm and first-order mass transfer kinetics, the relation between the
elution curve following an unit pulse (delta funetion) input and the
eluation curve following an unit step function (Heaviside function)
input is the same as the relation between the probability density and
probability distribution curves. Therefore, the desired equation can be
readily obtained by integration of Eq. (4), yielding:

c S et B ¢ vtz
@*O(t)=<1>(t) ~(t—1)\/ +24( 3t)\/—

where (C/C,) (t) is the ratio of effluent to input concentration of
adsorbate at the reduced central time, ¢; ®(f) is the normal probability
distribution curve, i.e.,

(13)

a(l) =

\/1? / " expl—t2/2)dr (14)

8 is the skewness coeflicient, m,/o%; and E is the coefficient of excess,

my/mi — 3.

If the excess term, E, is negligible, there 18 an approximate equation
describing the breakthrough time for any given value of the concen-
tration ratio C/C,

T { + + 6m2m (t — 1)} (15)

where + denotes the actual breakthrough time (same units as m,) of
the output concentration ratio corresponding to C/C,, and ¢, is the
argument of the normal probability integral having a value equal to
C/C,. Stated in mathematical terms,

c_ 1 / “expl—12/2} dt. (16)
CO \/27r — .

Both parameters are given in tables which are readily available (14).

2.6. Effective Adsorption Bed Capacity

The effective adsorption capacity of an adsorption bed in which
there is ideal mass transfer is equal to

F* = Cquwmy (17)

where €, is the input concentration, w is the volumetric flow through
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velocity, and m, is the first statistical moment. The next step is to
introduce the ratio of actual to ideal adsorption capacity, F, defined
as F = F,/F* where F, represcnts the actual capacity value obtained
when only a specified degree of breakthrough is permitted.

From Eq. (15) it follows that

ot

=7/my = 1 + + 0.167 (ms/memy) (&2 — 1) (18)

2.7. Fractional Capacity Loss

The fractional capacity loss, M, which gives the fraction of the
adsorption bed wcapacity loss because of the mechanisms of mass
transfer present in any real adsorption bed, is

M=1-F=— % + 0.167(ma/mgmy) (1 — £2) (19)
1

We are most interested in the case of mass transfer controlled by
mass transfer resistance, because mass transfer resistance is the con-
trolling factor at the high carrier gas velocities that are of greater com-
mercial interest. If we accept the simplification for mass transfer
resistance controlled by internal (pore) diffusion (see Egs. 11 and
12), then Eq. (15) e¢an be rewritten in the form

—m {1+<ﬂ P B 1)} (20)
e 15¢D;L 21 D L
Defining ¢ as
R \'"?

the equation for the fractional adsorption capacity becomes

F =1+ a¢t. + bt — 1) (22)
and the equation for the fraction capacity loss becomes:

M = —agt. + bg*(1 — &) (23)

In the above equations, a ‘and b are numerical constants having the
values a = (2/15)V2 = 0.365, and b = 1/21 = 0.0477.

2.8. Comparison of the Gram-Charlier and Gaussian
Breakthrough Curves

It is assumed that the breakthrough curve can be adequately char-
acterized by the first two terms of a Gram-Charlier series. A com-
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FIG. 2. Comparison of the Gram-Charlier and Gaussian breakthrough
curves,

parison of the resulting Gram-Charlier curve with a Gaussian break-
through curve is given in Fig. 2. It is particularly interesting to
compare these two curves at the points C/Cy = 0.5 and » = m,. From
Eq. (15) we find that at the point C/Cy = 0.5 (i.e., t. = 0)

7 = m(l — 0.167ms/mamy) (24)

1f the breakthrough curve were deseribed exactly by a Gaussian curve,
then 7 would equal m, instead of m,(1 — 0.167m./m.m,) at the point
C/Cy = 0.5. Thus the factor (1 — 0.167m,/m.m,) gives the ratio of
breakthrough times between the Gram-Charlier and the Gaussian
curves at C = 0.5C, (see Fig. 2).

Similarity, from Eq. (13) we have at the time - = m, (ie., t =0)

C/Co = 0.5+ S/6N/2x (25)

indicating that at the point = = m,, the breakthrough curve described
by the Gram-Charlier series is somewhat higher than the normal
probability curve, the difference being AC/C, = S/64 2.

3. THE FRACTIONAL LOSS OF ADSORPTION CAPACITY AS A
FUNCTION OF MEASURABLE FACTORS

The practical value of the theory developed here is that it permits
the design engineer to caleulate M, the fractional loss of adsorption
capacity, as a function of measurable factors, such as the size of the
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FIG. 3. The effect of adsorbent particle diameter on the breakthrough
curves of Masamune and Smith (11).

adsorbent particles, the length of the adsorption bed, the flow velocity
of the carrier gas, and the fractional interparticle void volume.

3.1. The Effect of Particle Radius

According to Eq. (23), the fractional capacity loss is a parabolic
funetion of the particle radius, R, and can be rewritten
in the simple form

M =aR+0R? (26)

where a* and b* are factors independent of particle radius.

We wish to compare the above expression with experimental results
already in the literature and for this purpose we begin with the
nitrogen breakthrough curves described in the excellent paper of
Masamune and Smith (11). The adsorbent was Vycor glass and the
experimental conditions were maintained in the region of a well-
defined linear adsorption isotherm. Figure 3, which is taken from their
paper, shows the effect of the diameter of the adsorbent particle on
the shape of the breakthrough curve. Using the experimental param-
cters given in their paper, namely, © = 9.8 em/see, L = 2.25 em, D; =
4 3 10%/sec, we calculated the fractional capacity loss for represen-
tative values of R. Table 1 gives both the theoretical and experimental
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vialues. The first and second columns of Table 1 list the C/C, and ¢,
values of the normal probability distribution, respectively, and the
last two columns give the experimental and calculated values for the
fractional capacity loss, M.

Table 2 gives the effect of particle radius on the fractional capacity

TABLE 2

Effect of Particle Radius on the Fractional Capacity Loss®

Adsorbent Fractional Fractional
particle radius, capacity capacity
R (em) R? M/R loss, Miheor  loss, Mexpu
0.079 61 X 104 7.4 0.59 0.59
0.0463 21 X 10~ 8.1 0.37 0.37
0.0151 2.3 X 10 9.2 0.123 0.14
0.010 1.0 X 10~ 8.4 0.082 0.084

e Based on data of Masamune and Smith (11).

loss, as predicted from Eq. (26) by assuming a* = 825 and b* =
9.9. The experimental results fit the theoretical parabolic equation.

The same dependence of the fractional capacity loss on particle
radius is observed in experiments of Fultyn (15), who measured the
breakthrough curves of sulfur dioxide on activated charcoal beds over
a wide range of conditions. From his Fig. 37, we calculated at the
breakthrough ratio, C/C, = 0.1, the experimental values shown in
Table 3. These experimental values closely fit the theoretical parabolic
equation.

TABLE 3

Effect of Particle Radius on the Fractional Capacity Loss®

Adsorbent Fractional Fractional
particle radius, capacity capacity
R (em) k2 M/R loss, Mineor 1088, Mexpnr
0.03 9.0 X 10 40.0 0.120 0.120
0.048 24.0 X 10 29.0 0.140 0.140
0.070 49.0 X 10~ 22.0 0.170 0.170

= Based on data of Fultyn (15).
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FIG. 4. The effect of bed length on the breakthrough curves of Masamune
and Smith (171).

3.2. The Effect of Bed Length

The effect of bed length on the fractional capacity loss is seen in
Fig. 4, taken from Ref. 17. Numerical analyses of the effect of bed
length can be obtained by rearranging Eq. (20) to give

M = o (L) 4 V(L) 27

Table 4 gives the theoretical and experimental fractional capacity
losses vs bed length at C/C, = 0.1. Theoretical values for the fractional
capacity losses observed by Maxamunce and Smith (71), werc ob-
tained by giving values of —52.6 and 163.0 to the constants o and &,
respectively. Again the experimental data elosely fit the theoretical
values.

TABLE 4

Effect of Bed Length on the Fractional Capacity Loss®

Bed length, Fractional eapacity Fractional capacity
L (ecm) loss, 3 e loss, M opu
2.25 0.375 0.375
2.70 0.280 0.265
3.15 0.216 0.216

¢ Based on data of Masamune aud Smith (11).
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FIG. 5, The effect of bed length on capacity [from Browning (16)1.

The predicted effect of bed length on adsorption bed capacity is
supported by Browning’s (16} study over a very wide range of values
of the dynamic adsorption of krypton and xenon on activated char-
coal beds. From Browning’s plot of the change in bed capacity vs bed
length (reproduced here as Fig. 5), values for the fractional capacity
loss were found and compared with the theoretical values obtained by
setting a’ = 2.2 and & = 0.4. The theoretical and experimental values
are given in Table 5.

The effect of bed length on the fractional capacity loss also can be
calculated from Fultyn’s (15) experimental data. In Table 6 the
fractional capacity losses at C/C, = 0.1 are compared with the
theoretical values obtained by assuming &’ = 115.0 and b =— 150.0.

3.3. The Effect of Carrier Gas Velocity

The effect of carrier gas velocity on the shape of breakthrough
curves is rarely given in the literature, in sharp contrast to the vast
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TABLE 5

Effect of Bed Length on the Fractional Capacity Loss®

Fractional Fractional
Bed length, capacity capacity

L (em) loss, M theor loss, Mexpt1
2.2 0.47 0.47
7.2 0.32 0.32
14.5 0.25 0.26
21.5 0.20 0.21
29.5 0.18 0.19
35.0 0.17 0.17

¢ Based on data of Browning (16).

number of papers giving the so-called Height Equivalent of a Theo-
retical Plate (HETP) as a function of the carrier gas veloeity. The
shape of the breakthrough curve at a given carrier gas velocity is very
important because it determines the efficiency of an adsorption bed
at that particular velocity.

The mechanism controlling the shape of the breakthrough curve
depends on the carrier gas velocity. At carrier gas velocities below
10 em/sec, interparticle effects (molecular and eddy diffusion) must
be taken into account. At carrier gas veloecities greater than 10 em/
sec, intraparticle diffusion controls the establishment of equilibrium.
Furthermore, if the carrier gas velocity 1s greater than 30 em/sec, the
flow will be at least partly turbulent and this must be taken into
account.

Equation (28) gives the predicted effect of carrier gas velocity on
the fractional capacity loss in the regime of internal (pore) diffusion:

TABLE 6

Effect of Bed Length on the Fractional Capacity Loss®

Fractional Fractional
Bed length, capacity capacity
L (em) loss, M iheor loss, M exptt
100 0.10 0.10
70 0.12 0.12
34 0.15 0.15

< Based on data of Fultyn (15).
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M = a” W) + b"u (28)

The effect of carrier gas velocity on the shape of the breakthrough
curve has been measured in some of the experiments of Fultyn (15).
The breakthrough -curves given in his Fig. 36 were normalized by us
by assuming m, = 100.0 and the resulting values are listed in Table 7.

TABLE 7

Effect of Carrier Gas Velocity on the Fractional Capacity Loss®

Carrier Fractional
gas velocity, capacity loss,
u (cm/sec) ull? Mexpt1 M [uliz
50 7.2 0.150 0.021
40 6.3 0.130 0.021
30 5.4 0.110 0.020
20 4.5 0.080 0.019

« Based on data of Fultyn (15).

In Table 7 the values of m (u)-1/* appear to be constant, indicating that
in his experiments the first term on the right-hand side of Eq. (28)
controlled the fractional adsorption capacity loss.

De Bruijn et al. (17) present considerable data on adsorption of
low boiling gases ‘at low temperatures on charcoal. The dependence
of the point €/C, = 0.1 on the carrier gas velocity is found in their
Fig. 11, which gives the breakthrough ecurve for the dynamic ad-
sorption of methane on charcoal. In Table 8 values for the fractional

TABLE 8

Effect of the Carrier Gas Velocity on the Fractional Capacity Loss®

Carrier gas Fractional

velocity, capacity
u (em/sec) uli loss, M exptr M jur? M/u
4.0 2.0 0.036 0.018 0.009
8.7 2.95 0.048 0.016 0.005

e Based on data of de Bruijn et al. (17).

capacity loss are listed and compared with values obtained from Eq.
(28) by assuming a” — 0.022 and b” = —0.002.
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FIG. 6. The effect of external porosity on the broadening of break-
through curves {{from Browning (16)].

3.4. The Effect of External Porosity

Very little is known of the effect of external porosity on the per-
formance of an adsorption bed. Browning’s (16) finding that an
increase in external porosity greatly diminighes the performance of an
adsorption bed helps bridge this gap in our knowledge.

The breakthrough curves given in Browning’s (16) Fig. 19 are
reproduced here in Fig. 6. To analyze these curves we need to know
the effect of porosity on the first and second statistical moments. From
the definitions of porosity given in Section 1.2,

€ =

e (1 —¢)B

o= . (29)
When internal (pore) diffusion controls mass transfer, the effect of
the external porosity on the first and second statistical moments is
given by:
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dmy _ 1 (ds
o () (30)
de) _  de  _dm
¢’2 - (1 - ee)fe o me (31)
do de. do (32)

e 2(1 — e)e —

From Eq. (30) it appears that the relative change of the first moment
with external porosity is inversely proportional to the porosity, e,
and this effect is not great at high porosities. On the other hand, the
effect of external porosity on the second moment, m,, is proportional
to 1/(1 — ), and this effect can become very strong at high porosities.

Both of these conclusions appear to be confirmed in the breakthrough
curves given in Fig. 6. The average holdup times are nearly the same
(the lower curve belongs to a bed containing slightly less adsorbent),
but the porosities of the beds are quite different and as expected there
is a great difference in the width of the curves.

The influence of the porosity ratio, ¢, on the HETP (or, following
our analysis, on the second moment, m,) can be seen from experiments
of Habgood and Hanlan (18). Figure 6 of their paper presents a series
of HETP values for the dynamic adsorption of different hydrocarbons
on charcoal. Keeping in mind that their HETP is approximately
related to our m, by the equation

HETP = m,L/m} (33)

it is seen that the slope of the HETP points, when plotted against
carrier gas velocity, is proportional to ¢? at higher velocities.

Habgood and Hanlan (18) examined adsorption on unactivated and
activated charcoal. For both charcoals, the mercury and helium poro-
sities are given, making 1t possible to caleulate the porosity ratio, e.
From experiments with ethane at 100°C (Table 9), the ratio of HETP

TABLE ¢

Effect of the Porosity Ratio, ¢, on Curve Broadening®

Density, Density, HETP Slope Porosity
Hg He € slope ratio ratio
Activity 1.4 1.100 1.870 0.68 2.4
3.67 3.45
Activity 149 0.611 2.075 2.35 0.65

¢ Based on data of Habgood and Hanlan {18).
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slopes (or ¢? values) is inversely proportional to the e ratio, as
required by Eq. (31). Similar results were obtained from analyses
applied to the ten other compounds investigated by Habgood and
Hanlan (18).

Independent but similar results for the effect of the porosity ratio
on m, and m, (determined from pulses of carbon dioxide passing
through columns containing activated charcoal, pumice, or glass beads)
were reported in 1966 by Grubner and co-workers (19).

4. DISCUSSION OF THE RESULTS

First, let us discuss the theoretical model and its relationship to a
real adsorption bed. The basic assumption is that the model operates
in the region of 'a linear adsorption isotherm, with mass transfer con-
trolled by first-order kinetics. The assumption of a linear adsorption
isotherm is reasonable for most dynamic adsorption experiments per-
formed at low concentrations. For some light gases, the linear range
extends up to a gas concentration of at least several per cent (depend-
ing, of course, on the temperature) and for this reason it is a good
model for many important problems, such as the recovery of radio-
active fission gases. Of course the model still is applicable to heavier
compounds at greater dilutions. The assumption of first-order kinetics
seems plausible, especially for the case where the mass transfer rate
is controlled by internal (pore) diffusion.

There is ample evidence in the literature for the importance of pore
diffusion to adsorption chromatography and industrial gas adsorption.
Nevertheless, with the exception of surface diffusion, our model ac-
counts for all possible mechanisms of mass transfer. Even surface
diffusion could probably be handled in a way similar to that used by
Masamune and Smith (77). Tt is highly improbable that many mass
transfer mechanisms could be important at the same time, but even
this extreme case can be described by the statistical moments theory.

This theoretical model omits the change in gas velocity resulting
from the pressure drop across the bed. This simplification is not
always valid for gas chromatography, but it is generally quite ac-
ceptable for describing dynamic adsorption in industrial adsorbers. If
necessary, the statistical moments can be modified to account for the
effect of a pressure drop (20).

Two types of adsorption were considered: volumal and surface
adsorption. Volumal adsorption is rather uncommon, but equations
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including volumal adsorption may be needed to describe “coated”
adsorbents.

We should also discuss the limitations of the concepts used in the
theory developed here. The definitions of the dimensions of the ad-
sorption bed, as well as the definitions of the porosity, seem clear.
Difficulties arise in the measurement of adsorbent particle size,
especially if the adsorbent particles are irregular. We assumed that
the particles are spherical, and the differences are adjusted for in the
“effective diffusion coefficient.” Nevertheless, if adsorbent particles of
various diameters are present, one would expect that the larger
particles will have -a greater influence on the deviations from equilib-
rium than do the smaller ones.

The definitions of the various diffusion coefficients, including the
eddy diffusion constant, have been given. The assumption that these
coefficients are concentration independent is necessary for first-order
kinetics.

The intraparticle diffusion constant is an empirical factor describing
the effective combination of the various intraparticle mass transfer
phenomena. The transport of adsorbate into the adsorbent particle
can be very complex, especially if surface diffusion is present.

Usually pore diffusion is the most important mechanism of intra-
particle mass transfer. It should be mentioned that the nature of pore
diffusion depends on the diameter of the intraparticle pores. If these
pores have a relatively large diameter (molecular mean free path of the
molecules < pore diameter), intraparticle mass transfer takes place
by normal molecular diffusion. As the pores become narrower (molec-
ular mean free path ~ pore diameter) the character of the flow
changes to Knudsen diffusion and the intraparticle diffusion coefficient
must assume a value appropriate for Knudsen diffusion. In either case
the pore diffusion coefficient is limited to a relatively narrow range of
values. The smallest value is probably that of the Knudsen diffusion
coefficient, which at ambient temperatures will not fall much below
0.01 cm?/sec. On the other hand, in the absence of surface diffusion, the
intraparticle diffusion coefficient cannot be greater than the bulk
diffusion coefficient, the upper limit of which will be about 0.2 cm?/
sec.

We omit discussing the mass transfer rate constants, H. and H,,
because the equations given here assume mass transfer is controlled
by pore diffusion.

The equations used here for the statistical moments were derived
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using approximations described elsewhere (I, 2). We have found that
these approximations are reasonable and the inaccuracies introduced
by their use lie within the limits of experimental error.

The equation for the second statistical moment resembles the
HETP equation, which was derived semiempirically for the case of
gas chromatography by van Decemter et al. (21). It is 4 common
error to assume that the HETP represents the bed length required to
establish equilibrium. There is no discrete value for such a distance
and therefore no such meaning for the HETP. It is the equation that
has proved useful, not the concept, which has already been adequately
criticized in the literaturc (3). The basic meaning of the HETP
equation, and its relationship to the statistical moments, can be
brought out in a very rough way by

2
Mme SR A = I
me HET! <Lu(K’ - 1)> L 7 (34)
where o% is the variance of the breakthrough curve in units of length.
Basically the HETP concept describes a relationship between the
first two moments of the breakthrough curve. From a rough approxi-
mation used in gas chromatography,

ol = 2D, (35)
then
D Au R
D. = K +1 + K +1 - 15eD (K’ + 1) (36)
or
D, = Dy + Dy + Dyu? (37)

where D, is the generalized diffusion constant. Thus the HETP
equation can be considered an equation describing the dependence of
a generalized diffusion constant on the carrier gas velocity.

The theory of statistical moments furnishes us, however, not only
the equations for the first two moments, but also the equations for
higher moments. These latter expressions are almost as important as
the equation for the second moment. Especially interesting is the
equation for the skewness of the breakthrough curve, from which it
can be shown that the breakthrough curve is always positively skewed.
This has the important consequence that C'/C, values smaller than V%
are on the average nearer the mean than the corresponding C/C, values
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higher than 74, considerably increasing the effective adsorption
capacity at low values of C/C,.

Equation (13) is quite simple and can be used for a description of
the breakthrough curve without the need for computer integrations.
Caleulating the statistical moments is somewhat tedious but can be
performed on a desk calculator. We believe that it is important to
realize that Eq. (13) can be further simplified to give expressions for
the adsorption bed capacity and adsorption bed capacity loss.

From the qualitative point of view, all the basic relationships
required by the theory appear fulfilled. The extensive data of Masa-
mune and Smith (17) permit the quantiative agreement between theory
and experiment to be examined. The results are satisfactory, even at
low C/C, values, which are often difficult to predict. Yet these simple
equations, because they include simultaneously the different phe-
nomena affecting bed efficiency, appear to fulfill the requirements given
by Kovach (12). Nevertheless, approximations were made, and the
error introduced may not always lie within the experimental error.

5. FUTURE DEVELOPMENT OF THE THEORY

The theoretical expressions given here permit the efficiency of an
adsorption bed to be related to experimental conditions. From an
engineering standpoint, the value of the theory lies in its ability to
recalculate the data from a given experiment to other conditions,
allowing a design engineer to optimize the adsorption procedure. This
theory may also prove useful in the measurement of mass transfer and
equilibrium constants, especially for complicated systems, or at
elevated temperatures, where classical adsorption methods meet with
extreme difficulty. On the other hand, experimental work is needed
to estimate the limits of validity of the equations developed here. If
this report stimulates further investigations in this field, its purpose
may be regarded as fulfilled.
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List of Symbols

A

a

a*, a/’ a’’
b

b*, b,, b’
C

Co

Ce

C

Cr

Cp

D

D, D,

D;,

Dy, Dy, Dy
E

coefficient of eddy diffusion

constant = 4/2/15 (= 0.365)

constants

constant = 1/21 (= 0.0477)

constants

effluent concentration

input concentration

adsorbate concentration in the interparticle spaces

rate of breakthrough of adsorbate

frequency factor for a Hermite polynomial

adsorbate concentration in the intraparticle pores
coefficient characterizing the effect of interparticle
molecular diffusion

over-all effective diffusion coefficients

coefficient of the diffusion in the pore space

constants for the over-all diffusion coefficient

coefficient of excess, £/ = (my/m; — 3)

ratio of actual to ideal adsorption bed capacity

aetual adsorption bed eapacity

ideal adsorption bed capacity

mass transfer rate constants

Hermite polynomial

height equivalent of a theoretical plate

partition coefficient

adsorption equilibrium constants

length of the adsorption bed

ordinary statistical moments defined by Eq. (1)

central statistical moments defined by Eq. (2)

fractional loss of adsorption bed capacity

amount of adsorbate adsorbed on the surface of a unit
volume of pore space

cross sectional area of the bed

particle radius
skewness coefficient, S
reduced central time, ¢

m;;/a:‘

(T — ml)/a

i
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te argument of the normal probability curve having a value
equal to C/C,

to breakthrough time of a gas chromatographic peak

u interparticle linear velocity of the carrier gas

w volumetric flow rate

8 porosity of the adsorbent particle

€ ratio of the internal and external porosity, e = €;/e.

€ external porosity
€ internal porosity, e, = 8(1 —e.)
€0 over-all porosity, ¢o = €; + ¢
o standard deviation, ¢ = \/ma
0z standard deviation in units of length
T actual breakthrough time
Ry \12
¢ modulus defined as ¢ = (e DiL>
®(¢) normal probability curve for the argument, ¢
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